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I. INTRODUCTION
During last decades statistical models of strong interactions have served as an important tool to investigate high energy nuclear collisions. The main object of the study have been the mean multiplicities of produced hadrons (see e.g. Refs. [1, 2, 3] ). Only recently, due to a rapid development of experimental techniques, first measurements of fluctuations of particle multiplicities [4] and transverse momenta [5] were performed. The study of event-by-event fluctuations in nucleus-nucleus collisions (see e.g., reviews [6] ) is motivated by expectations of anomalies in the vicinity of the onset of deconfinement [7] and in the case when the expanding system goes through the transition line between the quark-gluon plasma and the hadron gas [8] .
Furthermore, it is expected that a critical point of strongly interacting matter may be signaled by a characteristic pattern in fluctuations [9] .
A convenient measure of the particle number fluctuations is the scaled variance, ω ≡ V ar(N)/ N , defined in terms of the mean value, N , and variance, V ar(N) ≡ N 2 − N 2 .
The scaled variance equals to 1 for the ideal Boltzmann gas in the grand canonical ensemble (GCE). The deviations of ω from unity in the hadron-resonance gas (HG) come due to Bose and Fermi statistics, resonance decays (see, e.g., Ref. [6] ), and exactly enforced conservations laws [10, 11, 12] . Previous study [12] has shown a rather rapid convergence of the scaled variances to asymptotic values. Finite system size effects can therefore be ignored for central collisions of heavy nuclei.
The effect of Bose and Fermi statistics can be seen in the primordial (before resonance decay)
values of the scaled variances in the GCE (see, e.g., Ref. [11] ). For chemical freeze-out at low collision energies (small temperature T and large baryonic chemical potential µ B ) most charged particles are protons. Fermi statistics then lead to a suppression of positively charged and all charged particle number fluctuations, ω + ∼ = ω ch = 0.98 ÷ 1. At high collision energies (large T and small µ B ) most charged particles are pions. Thus, Bose statistics dominates and leads to the enhancement of particle number fluctuations, ω ± ∼ = ω ch = 1.05 ÷ 1.06. These numbers demonstrate that the effects of quantum statistics are small at the chemical freeze-out.
Resonance decay in the GCE and CE lead to the enhancement of particle number fluctuations. At high collision energies (the largest SPS energy and above) the GCE calculations give the following final (after resonance decay) values, ω ± ∼ = 1.1 and ω ch ∼ = 1.6 [11] .
There is a qualitative difference in the properties of the mean multiplicity and the scaled variance of multiplicity distribution in statistical models. In the case of the mean multiplicity results obtained with the GCE, canonical ensemble (CE), and micro-canonical ensemble (MCE) approach each other in the large volume limit (this reflects the thermodynamical equivalence of statistical ensembles). It was recently found [10, 11, 12] that corresponding results for the scaled variance are different in different ensembles, and, thus, the scaled variance is sensitive to conservation laws obeyed by a statistical system. The differences are preserved in the thermodynamic limit. The global conservation laws imposed on each microscopic state of the statistical system lead to the suppression of particle number fluctuations. At large T and small µ B (high collision energies) the final state scaled variances behave in the CE as, ω ± ∼ = 0.8
and ω ch ∼ = 1.6 [11] , and in the MCE as, ω ± ∼ = 0.3 and ω ch ∼ = 0.6 [12] .
It has been found that the fluctuations in the number of nucleon participants give a large contribution to hadron multiplicity fluctuations in A+A collisions. Thus, a comparison between data and predictions of statistical models should be performed for results which correspond to collisions with a fixed number of nucleon participants. This can be achieved selecting the most central A+A collisions (see Ref. [13, 14] for details). The conditions for the centrality selection in the study of fluctuations should be much more stringent than in the multiplicity measurements. To avoid the contributions from the participant number fluctuations one should restrict the analysis to the 1% most central A+A collisions selected by the number of projectile spectators (see Refs. [12, 15] ).
Usually the ideal HG gas is used for the particle multiplicity calculations. The extension of the ideal gas picture based on the van der Waals (VDW) excluded volume procedure have been suggested in Refs. [17, 18, 19] to phenomenologically take into account repulsive interactions between hadrons. This leads to the suppression of hadron number densities and energy density.
In the present paper we study the effect of the VDW excluded volume on the multiplicity fluctuations. The particle number ratios are independent of the proper volume parameter, if it is the same for all hadron species. Thus, a rescaling of the total volume V leads to exactly the same hadron yields as those in the ideal HG. In the present paper it is demonstrated that the multiplicity fluctuations are suppressed in the VDW gas. This suppression is qualitatively different from that of particle yields. In contrast to average multiplicities, the suppression of multiplicity fluctuations can not be removed by rescaling of the total volume of the system.
In the present study we restrict ourself to the GCE calculations within the Boltzmann statistics approximation. The paper is organized as follows. In Section II the ideal HG model is presented. In Section III the one-component VDW gas is used to calculate the average multiplicity and the scaled variance. These results are extended to the multi-component VDW gas in Section IV. Both primordial and final state (after resonance decay) hadron yields and their fluctuations are considered. In Section V the scaled variance of negative, positive and all charged hadrons is calculated along the chemical freeze-out line. This gives the VDW HG predictions for fluctuations of hadron multiplicities in central A+A collisions at different collision energies from SIS to LHC. A summary, presented in Section VI, closes the paper.
II. IDEAL HADRON-RESONANCE GAS
The partition function of the ideal Boltzmann HG in the GCE has the form:
where
In Eqs. (1, 2) , λ j = exp (µ j /T ) is the particle specific fugacity, g j the degeneracy of jth particle species, m j the particle mass, and µ j = b j µ B + s j µ S + q j µ Q the chemical potential due to the jth particle internal quantum numbers (b j , s j , q j ). The j-summation in Eq. (1) is taken over all hadron species. Global chemical potentials (µ B , µ S , µ Q ) and temperature T regulate the systems average charges (baryonic, strangeness, electrical) and energy densities. Finally, V is the volume of the system and K 2 is the modified Hankel function.
A. Primordial Fluctuations
In the GCE the first two moments of the multiplicity distribution of jth particle are:
Thus, φ j is the jth hadron number density, n id j . The variance of the jth particle number distribution is
and the scaled variance equals unity,
For the average multiplicity and variance of, for example, positively charged primordial hadrons (i.e. before resonance decay) one obtains:
The results for the negatively charged or all charged hadrons are similar to Eq. (7) with summation over negative charges, q j < 0, q k < 0, or all non-zero charges, q j = 0, q k = 0, respectively.
For j = k, one finds,
and from Eqs. (5) and (8) it then follows,
From Eq. (9) one concludes that in the ideal HG the correlations between different particle species are absent in the GCE. Any particle number distribution in the ideal Boltzmann gas is Poissonian (for large average multiplicity this is equivalent to a Gaussian) and its scaled variance therefore equals unity. For example, the scaled variance for positively charged hadrons is,
This is also valid for negatively charged and all charged hadrons.
B. Final State Fluctuations
Final state yields and (co)variance have simple forms in the GCE [16] :
where N * j is primordial jth hadron multiplicity, and
b R r is the branching ratio of the rth decay channel of Rth resonance with normalization condition r b R r = 1, while n r j,R and n r k,R are the respective multiplicities of particles of species j and k in rth decay channel of Rth resonance. Generally, one finds enhancement of fluctuations due to resonance decay which leads to ω j > 1 (valid in GCE and CE, see, e.g., Ref. [11] ). The first term in the right hand side of Eq. (12) corresponds to fluctuation of Rth resonance multiplicity and the second term appears due to the probabilistic character of resonance decay. For the Boltzmann gas discussed in this paper, it follows, and Eq. (12) simplifies to:
From Eqs. (11) and (15) it immediately follows,
Thus, ω j ≥ 1 as a consequence of the inequality (n r j,R ) 2 ≥ n r j,R , i.e. the scaled variance of jth hadron exceeds 1 due to the presence of resonances decaying into more than one jth hadron.
Using Eqs. (11) and (15) for average yields and correlators one finds from (7),
and similar expressions for final state ω − and ω ch with the summation over q j < 0, q k < 0 and
III. ONE-COMPONENT VDW GAS
The VDW excluded volume procedure gives the GCE partition function of one component Boltzmann gas [17] :
where v j is the proper volume of the jth particle. For the 'hard sphere' particles with radius r j the volume parameter v j equals the 'hard-core particle volume', 4πr 3 j /3, multiplied by a factor of 4. A Laplace transform of Eq. (18) reads:
The system pressure is defined by the pole-singularity, s * , of the function, Z (19),
and, thus, satisfies the following equation,
For v j = 0, Eq. (21) is edivently reduced to the ideal gas result, p id = T φ j . The average particle number in the VDW gas equals to:
To find the particle number fluctuations one needs to calculate,
The variance is therefore:
Thus, one can write the scaled variance as the following,
From Eq. (21) one finds:
where the notation,
is introduced to simplify the formulas below. From Eq. (26) it follows,
and one finds:
From Eqs. (21, 27, 29) one finds the VDW equation of state, familiar from textbooks,
At small particle density, v j x j ≪ 1, one finds from Eq. (29),
where n id j = φ j is the ideal gas particle number density. In the opposite limiting case of high particle density, v j x j ≫ 1, one obtains,
thus, the value of 1/v j is the upper limit for the particle number density in the VdW gas (18) .
From Eq. (26) and (28) it follows,
From Eqs. (25,28,33) one then obtains,
From Eq. (34) it follows that the scaled variance in the VDW gas is always smaller than the ideal gas value (6) ω j = 1, i.e. the non-zero proper volume v j suppresses the particle number fluctuations. At small particle number densities, v j x j ≪ 1, the particle number fluctuations in the VdW gas are approximately equal to those in an ideal gas (6) . The Eq. (34) gives,
On the other hand, at v j x j ≫ 1 the scaled variance of the VdW gas goes to zero as ω j ∼ = (v j x j ) −2 . In this limit the particle number density is close to its lower limit,
Thus, there is no 'free space' for particle number fluctuations.
IV.
MULTI-COMPONENT VDW GAS
The partition function of the multi-component VdW gas equals to [17, 18, 19] :
Similar to Eq. (21) one finds the equation for the pressure function in the multi-component VDW gas,
where x j is given by Eq. (27).
A. Primordial Fluctuations
The average multiplicity of jth particle is
Similar to Eq. (24) one obtains:
Calculating the derivative from Eq. (36),
and using Eq. (37) one finds:
which extends Eq. (29) to the multi-component VDW gas. Using Eq.(39) for the first derivatives of the pressure one finds:
The Eq. (41) for j = k leads to the following result for ω j ,
The Eq. (42) is reduced to Eq. (34) for the one-component VdW gas. For an 'almost' ideal gas when all proper volumes come to zero, v i → 0, one finds the ideal gas results, N j ∼ = V φ j and ω j ∼ = 1, from Eqs. (40) and (42) becomes then equal to:
The Eq. (43) demonstrates a suppression of the particle number fluctuations for all hadron species (ω j < 1). At small total particle number density, v i x i ≪ 1, it behaves as, ω j ∼ = 1 − 2vφ j , similar to the one-component VDW gas. In the opposite limiting case,
In a dense VDW gas the particle number fluctuations are suppressed, and the suppression for jth species is proportional to the ratio of the ideal gas jth particle number density, n id j , to the total particle number density, n id tot = i n id i . The largest suppression takes place for the total multiplicity, ω tot → 0 at v i x i → ∞. This is in an agreement with the behavior of the scaled variance in one-component VDW gas at high particle number density.
For the correlators (38) in the VDW gas one obtains,
In contrast to the ideal HG result (9), the excluded volume effects lead to the (anti)correlation between different particle species, j = k, in the VDW gas seen from Eq. (44). The physical origin of these anticorrelations is rather clear. The 'large' number of jth particles, ∆N j > 0, reduces the available free space for kth particles. This makes preferable to have a 'small' number of kth particles, ∆N k < 0, thus, leading to ∆N j ∆N k < 0.
Using Eq. (44) one finds the primordial fluctuations of the positively charged hadrons,
and similar expressions for ω − and ω ch with the summation over q j < 0, q k < 0 and q j = 0, q k = 0, respectively.
B. Final State Fluctuations
To take into account resonance decay we follow the procedure from Refs. [11, 12] . The correlators for the final hadrons are expressed as,
where all particle-particle, ∆N * j ∆N * k , particle-resonance, ∆N * j ∆N R , and resonanceresonance, ∆N R ∆N R ′ , correlators in Eq. (46) are calculated according to Eq. (44). Note the essential difference between the correlators in the ideal gas (15) and those in the VDW gas (46). The new terms in Eq. (46) come from the anticorrelations of different stable hadron and resonance species in the VDW gas according to Eq. (44).
V. SCALED VARIANCE ALONG CHEMICAL FREEZE-OUT LINE
In this section we present the results of the VDW HG for the scaled variances along the chemical freeze-out line in central A+A collisions for the whole energy range from SIS to LHC.
The procedure to define the chemical freeze-out line is essentially the same as in Refs. [11, 12] .
The values of T and µ B at the chemical freeze-out at different collision energies are presented in Table I . They are almost identical to those values in Fig. 1 and Table I of Ref. [11] . The only tiny difference comes because of the Boltzmann statistics approximation used in the present paper.
Note that the condtions for average energy per particle, E / N = 1 GeV [20] , zero value of the net total strangeness, S = 0, and the charge to baryon ratio, Q/B = 0.4, remain the same as in Refs. [11, 12] . This procedure is possible because all particle ratios and energy to particle ratio in the VDW HG gas (with the same hard-core volume v j = v for all hadron species) remain unchanged in a comparison to the ideal HG, n j /n k = n The strangeness saturation factor, γ S , is parametrized as [2] , γ S = 1−0.396 exp (− 1.23 T /µ B ).
Both these relations are the same as in Refs. [11, 12] .
The excluded volume corrections, i.e. the factors exp (−vp/T ) and (1 + v i x i ) −1 , are calculated using the THERMUS package [21] . Numerical optimization functions allow to solve and particle number densities, and the ratios n i /n tot = n id i /n id tot (see also Fig. 2, right) are presented.
the transcendental equation (21) for the pressure and, thus, find the hadron yields and fluctuations of the VDW HG. The thermodynamical parameters T, µ B , and γ S , the VDW suppression
, and the particle number ratios n i /n tot = n id i /n id tot (see also Fig. 2, right) along the chemical freeze-out line are presented in Table I . Once a suitable set of thermodynamical parameters is determined for each collision energy, the scaled variance of negatively, positively, and all charged particles can be calculated using Eq. (45) Both the primordial and final state scaled variances are presented. To make a correspondence with real measurements, both strong and electromagnetic decays should be taken into account, while weak decays should be omitted.
Some features of the results should be mentioned. The values ω ± = ω ch = 1 are shown by the dashed-dotted lines in Figs. 1-2 . They correspond to the primordial fluctuations in the ideal HG (r = 0). The bump in ω + for final state particles seen in Fig. 1 at the small collision energies is due to a correlated production of proton and π + meson from ∆ ++ decays. This single resonance contribution dominates in ω + at small collision energies (small temperatures), but becomes relatively unimportant at the high collision energies.
The number of negative particles is relatively small, N − ≪ N + , at low collision energies (see Fig. 2, right) . For the hard-core radius r = 0.5 fm, this region corresponds 'small' particle number density, vn tot ≪ 1. It then follows, for the primordial values, ω ± ∼ = 1 − 2vn ± and
[ GeV ] r = 0 r = 0.3fm r = 0.5fm n tot ∼ = v −1 r = 0 r = 0.3fm r = 0.5fm n tot ∼ = v −1 Fig. 1, left) . The calculations are done for the HG with Boltzmann statistics in the GCE. The excluded volume parameter, v = 16πr 3 /3, is taken to be the same for all hadron species (r = 0 corresponds to the ideal HG results). The condition n tot ∼ = 1/v corresponds to largest possible VDW total particle density, and this gives an upper limit of the VDW suppression effect for the scaled variances.
ω ch ∼ = 1 − 2vn ch . Thus, the VDW suppression effects are seen at low collision energy for positively charged and all charged particles ( Fig. 1 and 2) , and are absent for negatively charged particles ( Fig. 1, right) .
At high collision energies (large T ) one finds n − ∼ = n + as seen from Fig. 2 , right. For the hard-core radius r = 0.5 fm, Fig. 1 shows the asymptotic values of 0.85 for the primordial and 0.83 for the final scaled variances ω ± in the VDW HG, instead of 1 and 1.1, respectively, in the ideal HG. Thus, one observes about 15% and 25% VDW excluded volume suppression for, respectively, the primordial and final values of ω ± . The upper limit of the VDW suppression effects for the scaled variances is obtained at n tot ∼ = 1/v and is presented in Figs. 1-2. The approximate relations both at small density, ω j ∼ = 1 − 2vn j , and high density, Table II , but for negatively charged hadrons (see also Fig. 2 , right. Fig. 1 , but for ω ch (see also Table IV) . Right. The ratios n i /n tot = n id i /n id tot (see also Table I) demonstrate that VDW suppression of jth fluctuations is proportional to jth density in the HG.
This explains why the VDW suppression for the primordial ω ch seen in Fig. 2 is approximately Table II , but for all charged hadrons (see also Fig. 2, left) .
the same as for ω + at small collision energy and 2 times larger than that for ω ± at high collision energies.
A comparison of the primordial scaled variances with those for final hadrons demonstrates that the fluctuations increase in GCE ideal HG for each hadron species (see Eq. (16)) for positive, as well as for negative, and all charged hadrons (see Figs. 1-2 ). In the VDW HG the behavior is more complicated. At high collision energies, as demonstrated in Fig. 1 , they even decrease for ω ± after resonance decays. This unexpected behavior follows from Eqs. (44) and (46). Calculating (46) one finds that only one term, R N R n i n j , coming from resonance decays gives a positive contribution to the ∆N j ∆N k correlator. Other terms in the right hand side of Eq. (46) appear due to particle-resonance and resonance-resonance (anti)correlations in the VDW HG. As seen from Eq. (44) these terms are negative and, thus, suppress the scaled variances for the final state particles. The resulting effect from resonance decays is defined by the competition of two effects: decays into more than one jth particle against particleresonance and resonance-resonance anticorrelations. Multiparticle decays lead to increase the fluctuations, while the anticorrelations because of the excluded volume lead to decrease them.
For all charged particles the multiparticle decays win and ω ch always increases due to resonance decays as seen from Fig. 2 . This same is true for ω + at small collision energies. The opposite situation takes place for ω ± at high collision energies. Anticorrelations because of the excluded volume overcome the mutiparticle decay contributions, and ω ± decreases as seen from Fig. 1 .
VI. SUMMARY
The hadron multiplicity fluctuations in relativistic nucleus-nucleus collisions have been considered in the statistical hadron-resonance gas model. We study the effect of the van der Waals excluded volume on the hadron distribution scaled variances. In the present paper we restrict ourself to the grand canonical calculations within the Boltzmann statistics approximation.
If the proper volume parameter is the same for different hadron species, the particle number ratios remain unchanged and equal to those in the ideal hadron-resonance gas. Therefore, with rescaling of the total volume V one may compensate the excluded volume suppression of the hadron densities leaving the hadron yields the same as in the ideal hadron-resonance gas. In the present paper it has been demonstrated that the multiplicity fluctuations are suppressed in the van der Waals gas. This suppression is qualitatively different from that of the particle yields. In contrast to the average multiplicities, the suppression of multiplicity fluctuations can not be removed by rescaling of the total volume of the system. Estimates of possible excluded volume suppression effects of particle number fluctuations from existing data in A+A collisions will be the subject of future studies.
